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Abstract
The low-energy physics of antiferromagnets is governed by their Goldstone bosons — the magnons — and it is
described by a low-energy effective field theory. In analogy to baryon chiral perturbation theory, we construct the
effective field theory for magnons and holes in an antiferromagnet. It is a systematic low-energy expansion based
on symmetry considerations and on the fact that the holes are located in pockets centered at k = ( pi
2a
,± pi
2a
). Even
though the symmetries are extracted from the Hubbard model, the effective theory is universal and makes model-
independent predictions about the dynamical mechanisms in the antiferromagnetic phase. The low-energy effective
theory has been used to investigate one-magnon exchange which leads to a d-wave-shaped bound state of holes.
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1. Introduction
The investigation of the dynamics of holes in an
antiferromagnet is a challenging problem. Due to the
strong correlation between the fermions in these sys-
tems, a systematic study is very complicated. Away
from half-filling, microscopic systems such as the
Hubbard or t-J model, which may indeed contain
the relevant physics, are presently neither solved an-
alytically nor numerically. Although there have been
many attempts to understand high-temperature su-
perconductors via their undoped precursors, the dy-
namical role of spin fluctuations remains a contro-
versial issue.
In the following we will present a powerful and
reliable tool for the investigation of the dynamics in
the antiferromagnetic phase. Inspired by chiral per-
turbation theory which is used to explore strongly
interacting systems in particle physics, we have
constructed a systematic low-energy effective field
theory for holes and magnons. The effective theory
is a systematic low-energy expansion that is based
only on symmetry considerations, basic principles
of quantum field theory, and on the fact that the
holes reside in pockets centered at lattice momenta
( pi
2a
,± pi
2a
). The construction of the effective theory
is based on a specific microscopic model Hamilto-
nian, but it is universally applicable to the entire
class of antiferromagnetic cuprates. Although the
theory is not renormalizable, it yields unambiguous
results in the systematic low-energy expansion. In
each order of the expansion, the results depend only
on a finite number of material-specific low-energy
parameters whose values are to be determined ex-
perimantally. It is very important to note that
in contrast to the strongly correlated fermions of
Hubbard-type models, the fermions of the effective
field theory are quasi-particles that are weakly cou-
pled to the magnons. Consequently, one may expect
that the effective theory is more easily solvable than
the underlying microscopic models.
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2. The effective Lagrangian
In undoped antiferromagnets the global SU(2)s
spin symmetry is spontaneously broken down to
U(1)s. The low-energy physics of these materi-
als is thus governed by Goldstone bosons — the
magnons [1], which are described by a unit-vector
field e(x) = (e1(x), e2(x), e3(x)) ∈ SU(2)s/U(1)s,
with e(x)2 = 1. Here x = (x1, x2, t) is a point
in continuum space-time. In order to couple the
magnons to the holes, we have constructed a non-
linear realization of the SU(2)s symmetry from the
magnon field [2]. The global SU(2)s symmetry then
manifests itself as a local U(1)s symmetry in the
unbroken subgroup. This construction leads to an
anti-Hermitean composite field
vµ(x) = iv
a
µ(x)σa, v
±
µ (x) = v
1
µ(x) ∓ iv
2
µ(x), (1)
where σa are the Pauli matrices. The field vµ(x) de-
composes into v3µ(x) which is an Abelian “gauge”
field and into v±µ (x) that represents two vector fields
“charged” under spin. These fields have a clearly
defined transformation behavior under the symme-
tries which the effective theory shares with the mi-
croscopic models. The relevant symmetries are the
global SU(2)s symmetry, a U(1)Q fermion number
symmetry together with a set of discrete space-time
symmetries such as displacement Di by one lattice
spacing in the i-direction, spatial rotation O by 90
degrees, reflection R at a lattice axis, and time-
reversal T .
Next we consider the holes, which live in momen-
tum space pockets centered at kα = ( pi
2a
, pi
2a
) and
kβ = ( pi
2a
,− pi
2a
). The holes are represented by Grass-
mann fieldsψfs (x), where the “flavor” index f = α, β
characterizes the corresponding hole pocket and the
index s = ± denotes spin parallel (+) or antiparallel
(−) to the local staggered magnetization. The con-
struction of the low-energy effective theory is guided
by symmetry constraints. Analyzing the symmetry
properties of a specific microscopic model (the Hub-
bard model) and working out the commutation re-
lations between the various symmetries leads to a
symmetry pattern that is inherited by the effective
theory. Once the symmetry behavior of the hole and
magnon fields is determined, it is straightforward
to construct the leading terms in the effective La-
grangian. It depends only on a few real-valued low-
energy parameters, namely the spin stiffness ρs, the
spinwave velocity c, the rest mass and kinetic masses
of a hole M , M ′ and M ′′, a hole-one-magnon cou-
pling Λ, as well as on hole-two-magnon couplings
N1 and N2. To leading order there are also three 4-
fermion contact interactions G1, G2, and G3. Defin-
ing a U(1)s covariant derivative
Dµψ
f
±(x) = [∂µ ± iv
3
µ(x)] ψ
f
±(x), (2)
the leading terms take the form
L[ψf†s , ψ
f
s , e] =
ρs
2
(∂ie · ∂ie+
1
c2
∂te · ∂te)
+
∑
f,s
{Mψf†s ψ
f
s + ψ
f†
s Dtψ
f
s +
1
2M ′
Diψ
f†
s Diψ
f
s
+σf
1
2M ′′
(D1ψ
f†
s D2ψ
f
s +D2ψ
f†
s D1ψ
f
s )
+Λ(ψf†s v
s
1
ψf−s + σfψ
f†
s v
s
2
ψf−s) +N1ψ
f†
s v
s
i v
−s
i ψ
f
s
+σfN2(ψ
f†
s v
s
1
v−s
2
ψfs + ψ
f†
s v
s
2
v−s
1
ψfs )
+
G1
2
ψf†s ψ
f
sψ
f†
−sψ
f
−s}
+
∑
s
{G2ψ
α†
s ψ
α
s ψ
β†
s ψ
β
s +G3ψ
α†
s ψ
α
s ψ
β†
−sψ
β
−s}. (3)
The sign σf is + for f = α and − for f = β.
3. Conclusions
The above effective Lagrangian is a very power-
ful tool to investigate the dynamics of holes in the
antiferromagnetic phase. In [3] it has been used to
systematically derive the one-magnon exchange po-
tential between holes. It is shown that the attractive
one-magnon exchange leads to bound states of holes
with d-wave symmetry. Furthermore, the effective
Lagrangian is presently used to study the dynam-
ics of a doped system and the magnetic spiral phase
is explored. If spin-fluctuations remain among the
relevant low-energy degrees of freedom, the effec-
tive theory may even be used to investigate the phe-
nomenon of high-temperature superconductivity.
This work was supported in part by the SNF.
References
[1] S. Chakravarty, B. I. Halperin, and D. R. Nelson, Phys.
Rev. B39 (1989) 2344.
[2] F. Ka¨mpfer, M. Moser, and U.-J. Wiese, Nucl. Phys.
B729 (2005) 317.
[3] C. Bru¨gger, F. Ka¨mpfer, M. Pepe, and U.-J. Wiese,
cond-mat/0511367.
2
